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Motivated by the recent Coulomb drag experiment of M. P. Lilly, et.al, Phys. Rev. Lett. 80,
1714 (1998), we study the Coulomb drag in a two-layer system with Landau level filling factor
ν = 1/2. We find that the drag conductivity in the incompressible paired quantum Hall state at
zero temperature can be finite. The drag conductivity is also greatly enhanced above Tc, at which
the transition between the weakly-coupled compressible liquids and the paired quantum Hall liquid
takes place. We discuss the implications of our results for the recent experiment.
PACS numbers: 73.40.Hm, 73.20.Dx
A double-layer system of two dimensional electron
gases (2DEG) allows a novel measurement of scattering
mechanism [1,2]. If there is no tunneling between the two
layers, momentum can be transferred only via electron-
electron scattering due to the interlayer Coulomb inter-
action. As a result, if a current is driven through one
of the subsystems (active layer), then another current is
induced in the other system (passive layer). The magni-
tude of the induced current is a measure of the interlayer
scattering rate. In real experiments, an induced voltage
is measured in the passive layer where no current flows.
The ratio between the measured voltage in the passive
layer and the driven current in the active layer is the so-
called transresistivity or the drag resistivity. In the case
of a double-layer 2DEG system in the absence of external
magnetic field, only the quasiparticles within an energy
band of width kT near the Fermi surface participate in
scattering processes. This leads to a T 2 temperature de-
pendence of the drag resistivity at low temperatures [3,4].
When the filling fraction becomes one-half in the pres-
ence of high magnetic fields, the 2DEG in each layer sup-
ports a novel form of compressible liquid [5]. Namely, the
quasiparticles of the half-filled Landau level are compos-
ite fermions, which are the electrons with Chern-Simons
flux quanta attached to them. Chern-Simons field fluc-
tuations due to the density fluctuations of electrons lead
to a more singular low energy interlayer scattering rate
[6–8]. Theoretically it was found that the drag resistivity
goes as T 4/3 for a pure system and T 2 lnT for a diffusive
system.
Recently, Coulomb drag measurement was done for
double layers of half-filled Landau levels [1]. In the ex-
periment, it was indeed found that the drag resistivity is
much enhanced compared to that of 2DEG in the zero
magnetic field. However, even though the temperature
dependence can be fit to T 4/3 for a range of intermedi-
ate temperatures, the experiment revealed much richer
physics at low temperatures. It was observed that a) the
drag resistivity has a minimum at a certain temperature
below which the drag becomes very sensitive to disorder
and the applied current; b) the drag resistivity seems to
be finite at the zero temperature.
Motivated by this experiment, we study the Coulomb
drag in the paired quantum Hall state limit. Incompress-
ible paired quantum Hall states with two electron species
were suggested some years ago, based on both numerical
simulations and effective action approaches [9–12]. In
particular, it was suggested that, in double layers of Lan-
dau level filling factor ν = 1/2, composite fermions in one
layer can establish the pairing correlation with composite
fermions in the other layer below a certain temperature,
Tc [12]. Though such a pairing correlation of composite
fermions, which is responsible for the incompressibility
of the paired quantum Hall state, does not lead to con-
ventional long-rang order of electrons, it does introduce
short-range pairing correlation of electrons, i.e. quan-
tum fluctuations of electron pairs. The question arises:
How does the short-range pairing correlation developed by
electrons in the incompressible phase affect the Coulomb
drag?
In this letter, we study the transport properties of this
incompressible phase and the temperature dependence
of various transport coefficients. We find the following
results. A) At T = 0, the drag conductivity can be fi-
nite in the incompressible paired quantum Hall state. Its
temperature dependence for T < Tc strongly depends on
disorder. B) Above Tc, the drag conductivity is enhanced
by σxx12 ∝ (e2/h¯)(kF l)−2T/(T −Tc). Here k−1F = lB is the
Fermi wavelength and much shorter than the mean free
path of the electrons l. The Hall drag conductivity ex-
hibits a similar enhancement near Tc. We also obtain the
drag resistivities below and above Tc. We discuss the im-
plications of these results to the experiment and suggest
that the observed anomaly could be interpreted as a sig-
nature of the formation of an incompressible double-layer
paired quantum Hall state at low temperatures.
In the framework of composite fermion theory [5], the
response functions of electrons can be expressed in terms
of those of composite fermions; as a consequence, the in-
plane conductivity, Hall conductivity, and drag conduc-
1
tivity, Hall drag conductivity can be expressed in terms
of the composite fermion polarizabilities,
σxx11,12 =
Im
2Ω
lim
Ω,Q→0
(
πcc−
1 + c2πcc− π
dd
−
± π
cc
+
1 + c2πcc+ π
dd
+
)
σxy11,12 =
e2
8πh¯
lim
Ω,Q→0
(
c2πdd− π
cc
−
1 + c2πcc−π
dd
−
± c
2πdd+ π
cc
+
1 + c2πcc+ π
dd
+
)
. (1)
where πcc± = π
cc
11(iΩ,Q)±πcc12(iΩ,Q), πdd± = πdd11 (iΩ,Q)±
πdd12 (iΩ,Q). π
dd
αβ and π
cc
αβ denote the density-density
and current-current polarization matrices of composite
fermions respectively, defined in the space of the layer in-
dex α, β = 1, 2. c = i4π/Q comes from the Chern-Simons
transformation. In the incompressible double-layer quan-
tum Hall liquid limit, we introduce the Green functions
of composite fermions defined in a generalized Nambu
space in Matsubara representation [12]
Gˆ =
(
G˜, F˜
F˜+,−G˜
)
, G˜ =
(
G11, 0
0, G22
)
, F˜ =
(
0, F12
F21, 0
)
.
(2)
Here G˜ and F˜ are defined in layer-index space,
G11,22 =
iω + ξp
ω2 +∆2 + ξ2p
, F12,21 =
∆
ω2 +∆2 + ξ2p
, (3)
where ξp = p
2/2m−ǫF and ω = (2n+1)πT . We first con-
sider the clean limit τ∆≫ 1, where τ is the elastic mean
free time. ∆ is determined by the self consistent equation
∆(ω) = T
∑
Ω
g(Ω)F12(ω−Ω), where g(Ω) is the interac-
tion constant in the interlayer particle-particle channel.
The external field vertices are renormalized accordingly
[14], as shown in Fig.1a. To simplify the calculation we
neglect the energy dependence of g12(Ω) and ∆. We also
ignore intralayer Fermi liquid renormalization effects. To
the leading order in the small parameter ∆/ǫF , when
vFQ,Ω≪ ∆, the diagrams in Fig.1a yield
Γˆ0 = τˆ3 + τˆ2
Ω∆
Ω2 + vs2Q2
, Γˆ = vF . (4)
where vs = vFα0(T )/
√
2, vF is the Fermi velocity, and
α0(T ) is a temperature dependent constant. α0(T =
0) = 1 and for T ∼ Tc (where ∆ ∼ 0), α0(T ) =√
7ζ(3)∆/2π2T ≪ 1. ζ(x) is the Riemann Zeta function.
τˆ2 =
(
0, τ1
−τ1, 0
)
, τˆ3 =
(
τ0, 0
0, −τ0
)
, where τ0, τ1 are
the unity matrix and x-component Pauli matrix in the
layer-space respectively. We have chosen the Coulomb
gauge ∇ ·A = 0 so that the vertex corrections to Γˆ are
zero. It is worth emphasizing that the vertex corrections
in Γˆ0 are essential for preserving the gauge invariance of
the theory.
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Fig.1 (a) Diagrams for vertex corrections. Solid lines rep-
resent the composite fermion Green functions Gˆ defined
in Nambu space; shaded triangles represent the renor-
malized vertices. The wavy line stands for the irreducible
interaction vertex. (b) Diagrams for the polarization of
composite fermions. (c) Diagrams for the drag conduc-
tivity above the critical temperature Tc. Solid lines with
index 1,2 are composite fermion Green functions in layers
1,2 respectively.
The polarizability can be calculated in terms of the
diagrams in Fig.1b. Taking into account Gˆ, Γˆ, Γˆ given
in Eqs.2,4, we obtain the results in the incompressible
paired quantum Hall liquid limit. At low temperatures
T ≤ Tc in the limit vFQ ≤ Ω≪ ∆, we have
πdd+ (iΩ,Q) = e
2 ∂n
∂µ
[α1(T )
vs
2Q2
−Ω2 + vs2Q2 + β2(T )Ξ1(Ω,Q)],
πdd− (iΩ,Q) = e
2 ∂n
∂µ
β1(T )Ξ1(Ω,Q)
πcc+ (iΩ,Q) = −
Nse
2
m
[1− β1(T )Ξ2(Ω,Q)]
πcc− (iΩ,Q) = −
Nse
2
m
[1− α1(T )− β2(T )Ξ2(Ω,Q)] (5)
Here ∂n/∂µ = m/2π is the thermodynamic density of
states, m is the mass of composite fermions, and Ns
is the superfluid density. β1(T ) ≈ β2(T ) and β2(T ) =
1− α1(T ); α1(T ) is given by
α1(T ) =
{
1− 2
√
piT
∆
exp(−∆T ), T ≪ Tc,
pi∆
4T , Tc − T ≪ Tc.
(6)
Ξ1,2 have the following forms
Ξ1 = (
∂n
∂µ
)−1
∑
p
nF (ǫp+Q)− nF (ǫp)
−Ω+ ξp+Q − ξp + iδ
Ξ2 =
2m
Ns
∑
p
v2F
nF (ǫp+Q)− nF (ǫp)
−Ω+ ξp+Q − ξp + iδ (7)
2
which were studied in detail in Ref.3. When Ω ≫ vFQ,
Ξ1,2 ∝ Q2/Ω2.
The results in Eqs.5,6,7 can be interpreted in terms
of two-fluid model. πdd+ is the sum of the condensate
contribution, which is proportional to α1, and the quasi-
particle contribution, which is proportional to β1,2. π
cc
+ is
determined mainly by the condensate component. Asym-
metrical polarizations πcc− , π
dd
− have contributions mainly
from thermally excited quasiparticles. At T ≪ Tc, the
quasiparticle contributions are exponentially small be-
cause of the energy gap in the spectrum. At temperatures
close to Tc, the condensate contribution becomes small.
Following Eqs.5,6,7, we find that σyy11 = 0, σ
xy
11 =
e2
4pih¯ for
this incompressible paired quantum Hall state. The drag
conductivity also vanishes in this limit, σyy12 = σ
xy
12 = 0 at
T < Tc.
In the presence of random impurity potentials V1,2(r)
in layer 1,2, the composite fermions in different lay-
ers experience different random potentials. Composite
fermions in layer 1 have to pair with those in layer 2 with
a different spectrum. In this case the Hamiltonian ac-
quires additional terms; 1
2
(V1(r)+V2(r))(ψ
†
1ψ1+ψ
†
2ψ2)+
1
2
(V1(r)−V2(r))(ψ†1ψ1−ψ†2ψ2). Here ψ1, ψ2 are the com-
posite fermion operators in layers 1 and 2 respectively.
The second term acts like a random Zeeman magnetic
field on composite fermions and effectively leads to the
suppression of ∆. The impurity potentials pin the Chern-
Simons flux in space [5] and break the time reversal sym-
metry of the composite fermion system. This results in
a further suppression ∆. Thus, in the strong disorder
limit, the underlying composite fermion system becomes
gapless.
In the weak disorder limit, τ∆ ≫ 1, the energy gap
of the quasiparticles remains open. The change of the
superfluid density Ns and the sound velocity vs is pro-
portional to 1/τ∆ and is negligible. However, the quasi-
particle contributions are dramatically changed. The lon-
gitudinal polarization Ξ1 = DQ
2/iΩ takes the diffusion
form, while the transverse one Ξ2 = τ
−1/(iΩ + τ−1) is
Drude-like. Taking these into account, we find
σxx12 =
β1kF l
1 + β1β2(kF l)2
e2
h¯
, σxy12 =
−1
1 + β1β2(kF l)2
e2
8πh¯
.
(8)
in the weak disorder limit at T ≤ Tc. β1,2 are given
by Eq. 6, with ∆ evaluated in the presence of disor-
der. Since ∆, which appears in the low temperature
asymptotic forms of β1,2, is a function of the elastic
scattering rate τ−1 itself, the drag conductivity as a
function of temperature strongly depends on disorder.
When T becomes close to Tc, σ
xx
12 = (1/kF l)× e2/h¯ and
σxy12 = −(1/kF l)2 × e2/h¯. On the other hand, they be-
come exponentially small when T goes to zero. A simi-
lar temperature dependence of the drag conductivity was
also found in electron-hole double-layer system [13]. It
is easy to confirm that, in both the pure and disordered
limit, the following equalities hold
σxx11 − σxx12 = 0, σxy11 − σxy12 =
e2
4πh¯
. (9)
Eq.9 can be attributed to the incompressibility of the
paired quantum Hall state and does not depend on dis-
order.
In the limit τ∆ ≪ 1, the energy gap in the quasipar-
ticle spectrum disappears. In this case, β1,2 become of
order unity even at T = 0 and the exponential decay
of the drag conductivity at low temperatures does not
occur. As a result, for T ≤ Tc, σyy12 ≈ (1/kF l) × e2/h¯,
σxy12 ≈ (1/kF l)2×e2/h¯, remaining finite even at zero tem-
perature. It is worth pointing out that in general ∆ has
energy dependence. However, note that πdd+ in Eq.5 man-
ifests the existence of the Bogoliubov-Anderson mode
in the spontaneously symmetry-broken state and πcc+ re-
flects the off-diagonal long range order in the composite
fermion system. Thus, Eq.8 follows as a consequence of
the incompressibility of the paired quantum Hall state
and does not depend on the detailed structure of ∆.
At high temperatures, the double-layer composite
fermions are weakly coupled with each other. How-
ever, when the critical temperature Tc is approached, the
current-current polarizability diverges due to the strong
pairing fluctuations of composite fermions in the two lay-
ers. This is similar to the situations discussed in [15]. We
find πcc12(iΩ, 0) = iΩσ
CF
12 in the Ω→ 0 limit, where
σCF12 =
e2
128h¯
η2D2
T 3
∫
d2Q
∫ +∞
0
dΩ
Q2ImLR(Ω, Q2)
sinh2
(
Ω
2T
)
[ImLR +
64T 2η−2D−2
π3(l−2 +Q2)Q2
ImΨ(
1
2
+
iΩ+ ηDQ2
4πT
)]. (10)
Here η = 7ξ(3)/2π3Tτ and Ψ is the digamma function.
The effective interlayer interaction is calculated in terms
of the diagrams in Fig.1c,
LR(Ω, Q2) =
(
T − Tc
T
+
π
8
ηDQ2 + iΩ
T
)−1
. (11)
We assume the temperature is close to Tc and T − Tc ≪
τ−1. To leading order in τ(T − Tc), the contribution
from the second term in Eq. 10 is negligible. Taking into
account Eqs. 1, 10 we obtain
σxx12 =
π
4(kF l)2
T
T − Tc
e2
h¯
, σxy12 =
−π
8(kF l)3
T
T − Tc
e2
h¯
. (12)
Meanwhile σxx11 = (2π/kF l) × e2/h¯ and σxy11 = e2/4h¯ in
zeroth order perturbation theory with respect to the pair-
ing fluctuations. When T/(T−Tc) ∼ kF l, σxx12 ∼ σxx11 and
the perturbation method breaks down.
In experiments, the drag resistivity is measured. The
drag resistivity tensor can be obtained by inverting the
3
conductivity tensor presented above. At T > Tc, tak-
ing into account Eq.12, we get the corresponding drag
resistivity
ρxx12 =
π
4(kF l)2
T
T − Tc
h¯
e2
, (13)
which increases as the temperature is decreased toward
Tc. The Hall drag resistivity is always zero in this model.
The contribution discussed in the previous papers [6,7],
without taking into account the contribution from the
pairing fluctuations, is a monotonically decreasing func-
tion of temperature, i.e., (lBT/dǫF )
4/3 × h¯/e2. Here d
is the interlayer spacing, assumed to be larger than the
magnetic length. Since the contribution due to pairing
fluctuations diverge as Tc is approached, we find that as
far as
T
T − Tc ≥ (kF l)
2(
lBT
dǫF
)4/3, (14)
the result discussed here always overwhelms the contri-
butions in [6,7]. Tc is estimated as (lB/d)
2ǫF in Ref. [12].
When d ≫ lB and Tc ≪ ǫF , Eq. 14 can be easily sat-
isfied. Thus the drag resistivity can develop a minimum
as a function of temperature around Tc.
At T < Tc, following Eq.8, we obtain
ρxx11 = ρ
xx
12 =
2
β1(T )kF l
h¯
e2
(15)
which indicates that the drag resistivity diverges at low
temperatures in the weak disorder limit when a gap
still exists. In the strong disorder limit, β1 is of order
unity even at T = 0 and ρxx12 remains finite at T < Tc.
We therefore suggest that the transition between the in-
compressible paired quantum Hall state and the weakly-
coupled compressible double-layer state could be respon-
sible for the anomalous temperature dependence of the
drag resistivity observed in the experiment [1].
In Ref. [1], no pronounced divergence was observed at
low temperatures. Instead, drag resistivity was shown to
be saturated at low temperatures. This at first seems
to indicate that a gapless limit was reached in the ex-
periment. In Ref. [1], d ∼ lB ∼ k−1F ∼ 200A˚; the in-
plane longitudinal resistance is close to 3000 Ohm and
l ∼ k−1F . Indeed, this yields τ∆ ∼ 1, implying a gapless
situation. However, to derive Eqs.8.9, we have assumed
that, in the low temperature phase, thermal fluctuations
are negligible. When |T − Tc|/Tc ≤ 1/kF l, fluctuations
are strong and the results in Eqs. 8, 13 are invalid. This
sets the limit of the theory when compared with the ex-
periment quantitatively. For the situation where kF l ∼ 1,
the transition regime where thermal fluctuations are large
could be of the same order as Tc. It is plausible that the
lowest temperature in the experiment is still in the criti-
cal regime and the low temperature incompressible phase
discussed in this paper was smeared out in Ref. [1]. To
distinguish the gapless situation and the thermal fluctu-
ation effects, we suggest studying double layer systems
with d ≫ lB, where the gapless limit can be reached
(τ∆ < 1), while τǫF is still greater than unity so that
the critical regime is narrow.
Further complications arise when the pairing wave
function also becomes inhomogeneous in space in the
presence of macroscopic inhomogeneities in the sample.
The drag current is then carried by electron pairs trav-
eling along the percolating paths, which are strongly de-
pendent on impurity configurations and the amplitude of
applied currents. Finally, in the strong disorder limit, the
mean field approach is questionable due to strong quan-
tum phase fluctuations present even at zero temperature.
Solutions to these complications remain open.
Recently we became aware of a related work where the
effect of the pairing fluctuation is also studied [16]. The
discrepancy between some of the results in our initial
manuscript and those of Ref. [16] was due to different
boundary conditions [17].
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